MULTIPLE POINTS OF IMMERSIONS 



KONSTANTIN SALIKHOV 

Abstract. Given smooth manifolds V" and M*", an integer A: > 1, and an immersion f : V M, we have 
constructed an obstruction for existence of regular homotopy of / to an immersion f : V M without fc-fold 
points. It takes values in certain bordism group, and for (A; + l)(n + 1) < km turns out to be complete. As 
a byproduct, under certain dimensional restrictions we also constructed a complete obstruction for eliminating 
by regular homotopy the points of common intersection of several immersions /i ; Vi 9-> M, . . . , /fc : Vfe S-» M. 



1. Introduction 

Let and Af" be smooth manifolds without boundary, and V" be compact. We wiU call an immersion 

V ^ M hy k-immersion, if it has no fc-to-1 points. Then 2-immersions V ^ M are exactly embeddings V ^ M . 
Consider the following question. Given manifolds V^, and integer fc > 1, do they admit a fc-immersion 

V S-> Ml Note that if (fc + l)n < km, then any generic immersion 1/ ^ M is a (fc + l)-immersion. The problem 



of existence of an immersion V S-^ M was solved by Hirsch [Hir|. He proved that regular homotopy classes 
of immersions V Al are in 1-to-l correspondence with classes of linear monomorphisms of tangent bundles 
of tV —>■ tM. So, the natural problem would be to find out if a given regular homotopy class of immersions 
V" 4^ M™ contains a fc-immersion, provided (fc + l)n < km. Without loss of generality we can assume that M 
is connected. 

For the case k — 2, under a li ttle bit stronger restrictions 3(n + 1) < 2m, in 1962 Haefliger gave complete 



answer w hene ver it is possible [ Hac | . Haefliger's method generalizes the original purely geometric id ea of 



Whitney Wh| of eliminating double points of immersion. A decade later, in 1974, Hatcher and Quinn |HQ| 



rewrote the the Haefliger's reasonings in the "right" language of bordism theory. In 1982 Sziics [ 5z 82 1 gave a 
new proof of Haefliger's theorem in the special case A/™ = R™ using the ideas of theory of singularities. Sziics 
informed us that he was trying to apply his method for fc > 2. In the present paper we generalize the ideas 



from I HQ I and in the range (fc + l)(n + 1) < km give the complete answer whenever a given regular homotopy 
class of immersions V" S-» Af™ contains a fc-immersion. 

For a generic immersion / : S-» M"^, its set of fc-fold points is itself an immersed manifold iti(/'^'"'^) ^ M. 
This immersed manifold, together with some additional structure in normal bundle of this immersion, define 
an element b{f^''^) in certain bordism group Q — i^kn-{k-i)m{Ek', £,{f)). Both the group and the clement 
5(j(fc)) g J7 depend only o n th e regular homotopy class of / (see Theorem |3.l[) . If (fc + l)(?^+ 1) < km, then the 
converse is true (Theorem ^.2\j . Namely, if N is another (kn — (fc — l)m)-dimensional manifold, which represents 
the same element [N] — h{f'^^^) e f2, then there exists an immersion /i, regularly homotopic to /, such that 

Suppose / : V'-''-^^'' ^ Af'^'' is a generic immersion. Then the manifold of fc-fold points of / is zero- 
dimensional. If V, M are oriented and r is even, to each fc-fold point x G M oi f we can attach a sign. Since 
y, M are oriented, the normal bundle of the immersion / is oriented. Since r is even, the orientation of the 
normal spaces to fc "sheets" of V, intersecting at x, gives an orientation of the tangent space r^Af. We put sign 
if this orientation coincides with the orientation of M, and "— " otherwise. Define /(/) G Z as the number 
of fc-fold points, counted with signs. If either y or Af'='' is not orientable, or r is odd, define /(/) € Z2 as 
the number of fc-fold points modulo 2. 

Corollary 1.1. Let y('^^i)''^ M*^'' be connected smooth manifolds without boundary, V is compact, M is simply 
connected, and r > k. Then a generic immersion f : V M is regularly homotopic to a k-immersion iff 
I{f) = 0. 



1 



2 



KONSTANTIN SALIKHOV 



Corollary 1.2. Let V^'' be a smooth compact orientahle manifold without boundary, and r > k are odd 
integers. Then any immersion f : V ^ R'^'' is regularly homotopic to a k-immersion. 

A map f : V M is called a "topological immersion", if for any point x G V there exists an open 
neighborhood Ux B x such that for any yi ^ y2 ^ Ux we have /(j/i) ^ f{y2)- 

Corollary 1.3. Let V^,M™ be smooth manifolds without boundary, V"' be compact, f : V M be an im- 
mersion, and (fc + l){n + 1) < km. Then f is regularly homotopic to a k-immersion iff there exists a "regular 
homotopy" of f through topological immersions to a map without k-fold points. 

The main problem of constructing the desired regular homotopy virtually splits into two parts: geometrical 
and combinatorial. The first part deals with construction of this regular homotopy locally. The second part, 

which in general turns out to be harder, deals with the fact that the natural /c-fold covering map fti(/('^)) — > 
ffl(j(fc)) can be non-trivial. In the section]^ we restrict ourselves to the case, then the second part is trivial. 
Namely, we try to figure out whenever immersions of k different manifolds fi'.Vi'^ M, . . . , fk : Vk ^ M can 
be regularly homotoped to immersions without common intersection. 

Corollary 1.4. Let V[^\ i = 1 . . .k and be smooth C°° manifolds without boundary, all Vi are compact, 
2(jj +1) < Ui < m — p — k for all i — 1 . . .k, and 2{p + fc) < m, where p = rii + • • ■ + n^, — (fc — l)m. 
Suppose fi '. Vi M are smooth immersions. Then the immersions fi, . . . , fk are regularly homotopic to 
immersions without common intersection iff fi, . . . , fk can be continuously homotoped to continuous maps with 
empty common intersection. 

Corollary 1.5. Let V^' , i = 1 . . .k and M™ be smooth C°° manifolds without boundary, all Vi are compact, 
2{p +1) < Ui < m — p — k for all i = 1 . . .k, and 2{p -\- k) < m, where p ~ ni + ■ ■ ■ + Uk — (k — l)m. Suppose 
p € {4,5,12}, all Vi are p-connected, and M is {p -\- l)-connected. Then any immersions fi'.Vi°r^ M can be 
regularly homotoped to immersions without common intersection. 

2. Simple case: mutual intersections of k manifolds 

Let r be (fc ~ l)-dimensional simplex, ui, . . . ,ak be its vertices and a be its barycenter. For any topological 
spaces Vi,V2, ... ,Vk,M and continuous maps /i : Vi ^ M, . . . , fk ■ Vk ^ M , consider the space 

E = E{fi, ...,fk)^ {{xi, ...,Xk,0)\x,GV,&nde -.T ^ M such that e{a.,) = f,{xi)] 

Then there are obvious projections Hi : E ^ Vi and tt : E ^ {6 : T ^ M}. The map $ : _E x T ^ AI, defined 
by (e, t) !—>■ 7r(e)(i), where e £ i? and t G T, makes the diagram below homotopy commutative 

E 




The space E is universal in the following sense. If we are given a space X, maps hi : X ^ Vi, and a homotopy 
H : X X T M such that H{-,a-i) — fihi (which connects all fihi with some map H{-,a)), then there is a 
unique map j : X ^ E such that H{x,t) — which is defined by j{x) = {hi{x), . . . , hk{x), L[{x, ■)). 

2.1. Bordism group. From now, suppose all Vi and M are smooth C°° manifolds without boundary and Vi 
are compact. Denote by z^y. normal bundles over Vi, and by tm the tangent bundle over M. Over E, consider 
the bundle £_ = nl{i^Vi ® /i^m) ® • ■ • © Trlii^Vk ® /^TAf ) ® $(■, cr)*J^M- Define the bordism group flp{E; ^), whose 
objects are tuples (A^^', j/jv, 7, i^Af), where A'^ is a compact manifold without boundary, is a normal bundle 
over N, J : N ^ E is a. map, and ojpf : vjq ^ 7*^ is a stable isomorphism. Note that this group depends only on 
the homotopy classes of /i, . . . , fk. By Pontryagin-Thom construction, ^p{E; ^) — limg^oo 7rp+dim5+sT'(C ® s"), 
where T denotes the Thom space, and e is the trivial bundle. 
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Denote by A^j the diagonal {{x, ...,x)& M^^) | x e M}. If the map /i x • ■ • x /fc : Vi x • ■ • x 14 ^ M^^) is 
smooth and transversal to the diagonal A^, then we say "the maps fi, - ■ ■ ,fk ire transversal" and denote the 
manifold (/i x • • • x /fc)~^(A^) c Vi x • • • x 14 by iti(/i x • • • x fk). Since all Vi are compact, iti(/i x ■ ■■ x fk) 
is also compact. Note that the notion for maps /i, . . . ,/fc to be transversal is generic, and any kit of maps 
/i, . . . , /fe can be approximated by a transversal one. 

Theorem 2.1. Suppose Vi, . . . ,Vk,M are smooth C°° manifolds without boundary, Vi,. . . ,Vk are compact, and 
the maps fi : Vi ^ M, i = 1 . . .k are continuous. Then this defines a canonical element 6(/i x • • • x /fe) e 
f2*(£'(/i, . . . , /fe); ^). This element depends only on the homotopy classes of fi, . . . , fk- 

Theorem 2.2. Let V^"*, i = 1 . . .k and be smooth C°° manifolds without boundary, all Vi are compact, 
2{p +1) < rii < m — p — k for all i = 1 . . .k, and 2{p + k) < m, where p — ni + ■ ■ ■ + rik — {k — l)m. Suppose 
fi ■ Vi M are smooth immersions. Let 7 : A^^ E be a singular manifold, and wjv • i^N ~^ 7*C ^6 ^ 
stable isomorphism such that [N] = 6(/i x • ■ • x /fe) G ilp{E;£^). Then there exists a regular homotopy of the 
immersions /i, • . • , /fe to transversal immersions /(, • • • , /fe such that (\]{f{x---xf'i.) = N. 

3. General case: fc-FOLD self-intersections 

Let V and M be topological spaces and f : V ^ M he a continuous map. The group Sfe of permutations 
on k elements {1, . . . , A;} acts on the (fc — l)-simplex T linearly, permuting its vertices ai, . . . , dfe. Note that the 
only fixed point for this action is the barycenter a of T. Take k copies of the manifold V and enumerate them 
by 1 ... A; in arbitrary way Fi , . . . , Vfc . Consider the space 

Ek = Ekif) = {{xi, . . . ,Xk,0) I X, e Vi, Xi 7^ Xj for i ^ j, and 9 : T ^ M such that 0{ai) = f{xi)} 

Define the action of element 5 G Sfe on by the formula g{xi, . . . ,Xk,0) — {xg-i(^i^, . . . , a;g-i(fe), 6*0 (7"^). Note 
that this action is free. Put = EkfSk. Define the projections Wi : E^ ^ V and n : Ek ^ {0 : T ^ M} 

by the formulas ni{xi, . . . , Xk, 0) = Xi and tt{xi, . . . , Xfe, 9) = 9. It is easy to sec, the map ^ : Ek x T —> M, 
defined by {e,t) n{e){f,), is Efe-invariant with respect to the diagonal Efe-action on Ek x T. Therefore the 
map (p : Ek ^ M is well-defined by the formula [e] 1— > <&(e,tT). Note that the homotopy types of Ek and Ek 
depend only on the homotopy class of /. 

The space Ek is universal in the following sense. For any space X with a free Efe-action denote by the 
quotion space X/Ti\_-^, where Efe_i C Sfe is the stabilizer of the element i. Denote by tt^ : X — > and by 
■k' : X ^ X/T,k the natural projections. Denote by S^_^(a;) the orbit of x & X under S|._j-action. Note that 

5(E^_j(.x)) = Yl^^_^^{g{x)). So, for any 51 e Sfe the map g : — > is well-defined, and it is identity if 

g = lGEk. 




Suppose, we arc given the following data: 

• a space X with a free Efe-action 

• a map h : X/Y^k M 

• maps hi : Vi{= V) such that o g = hi for any g G Sfe, and hiT^[{x) ^ hjTTj{x) for a; G X and 

«7^i 
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• a Efe-invariant homotopy H : X x T ^ M such that H{-, a) ~ hn' and H{-, di) — fhiir'^ 

Then there is a unique Sfc-equivariant map J : X ^ such that H{x,t) — $(j(a;),i), which is defined by 
Jlx) = {hiTT[{x)^ . . . ,hkT^'i^{x), H{x,-)). Now we can get rid of the ambiguity of the choice of enumeration 
Vi, . . . ,Vk. Clearly, if we will take another enumeration, which differs from the original one by 5 G Sfc, then 
the "classifying map" j~will become Jo g — g oj. Thus, all the information about X is actually equivalent to a 
Sfe-orbit of Efc-equivariant maps 'j : X ^ Ek- Since Efc-actions on X and Ek are free, this is equivalent to the 
map j := j/s^ : X/Sfe Ek/T^k = Ek- 



3.1. Bordism group. From now, suppose V" and M™ are smooth C°° manifolds without boundary, V is 
compact. Let f : V M he an immersion. Denote by Vf = j'/(V,M) the normal bundle over V, induced 
by the immersion /, and by vm a normal bundle over M. Over E^, consider the bundle i^^Vf © ■ ■ • © '^t^f- 
Define the Efe-action in the total space of this bundle by 17(6,1/1, . . . ,Vk) — {g{e),Vg-i(^i-j, . . . ,Vg-i(k))- Since 
this action covers the Sfe-action on Ek, this gives a well-defined vector bundle {Trlvf © • • • © TTluf)/T,k over 



Ek — Ek/^k- Note that the structural group of the last bundle is 0{m — n)lT,k (see |AE| , KS | for details). As a 
set, 0{m — n) lT,k = 0{m — n)^^'^ x E/j, and the multiplication is defined by (Ai, . . . , Ak,(j) * (Si, . . . , Bfc, t) = 
(AiB^-i(i), . . . ,AfeB^-i(fc),crr). Over Ek, consider the bundle ^ = <^(/) = {■nlvf © • • • © T:lvf)/T,k © (t>*i^Ai. 
Its structural group is 0(m — n) ; © O. Denote p = kn — {k — l)m. Define the bordism group i2p(Ek',£,), 
whose objects are tuples (iV^, z^^r, 7, wat), where iV is a compact manifold without boundary, i/^v is a normal 
bundle over N, : N Ek is a map, and ojn : i'n ~* 7*C is ^ stable isomorphism. Note that the bundle i^/, 
and, therefore, the group Q,p{Ek\ ^(/)), depend only on the regular homotopy class of /. By Pontryagin-Thom 
construction, f2p(_Bfc;^) = lims^oo T^p+Ai-me,+sT{S, © e*), where T denotes the Thom space, and e is the trivial 
bundle. 

Denote by Ay the diagonal {(xi, . . . ,Xk) € V'^''^ \ Xi ^ Xj for i ^ j}. Note that in the important special 
case M"* = R™ the space Ek reduces to fcn-dimensional manifold (y^^) — Ay)/Efe, and ^ reduces to the bundle 
t^fwfSk- 

We say that a Sfc-cquivariant map F : V^'''> M^^^ is "k-disjoint", if i^~^(A^) - Ay is disjoint from Ay. 
Note that for any topological immersion f : V ^ M, the map /'■'^•' is /c-disjoint. We say that a fc-disjoint map 
F is "k-transversal", if either ^-^(A^,^) - A^ = 0, or the map _F|^/(fe)_^2 is smooth and transversal to A^. 

By equivariant transversality theorem [|GG|] , for a generic smooth immersion f : V M, the map /'■'^■' is 

fc-transversal. Denote the manifold F~^(A|^) — Ay by rh(F). Since F'*^-' is compact and rh(i^) is disjoint from 

Ay, the manifold &\{F) is also compact. Since iti(F) is the intersection of Efc-invariant set y^*^^ — Ay with the 
preimage of Sfc-equivariant map F : V^''^ M^'^-' of the Efc-invariant set A^^, it is invariant under Efc-action 

on V^''\ Since the Sfe-action on F^'^^ ~ ^^^^^ restriction on &\{F) is also free. Denote &i{F) — &\{F)/T,k. 

Note that if / : V" 9-^ M is a generic immersion, then iti(/^'^-') ^ M is the locus of its fc-fold points. 

Theorem 3.1. Suppose V"',M™ are smooth C°° manifolds without boundary, V is compact, and F : l/^*^) — > 
is a k-transversal map, Yik-equivariantly homotopic to to /^'"'^ for some immersion f : V ^ M. Then 
rh(-F') defines a canonical element b{F) £ np{Ek',^{f)). This element depends only on the k-disjoint homotopy 
class of F. 

Note that for an immersion f -.V ^ M, the element &(/(''■)) e np{Ek;^{f)) is well-defined even if /'^'^^ is 

(k) 

not fc-transversal. Indeed, let /i be an immersion, regularly homotopic to /, such that f^ is /c-transversal. 
From the second part of Theorem 3T it follows that 6(/i^'^'') doesn't depend on the choice of /i. Put &(/''''■') = 
&(/f))el7,(i?fc;e(/)). 

Theorem 3.2. Let V",M'^ be smooth C°° manifolds without boundary, V be compact, (k + l)(n + 1) < km, 
and f : V M be an immersion. Let 7 : ^ Ek be a singular manifold, and ujn ■ vn 7*C f>e a stable 
isomorphism such that [N] = b{f'^^^) e ^lp{Ek', (,{f)) ■ Then there exists a regular homotopy of the immersion f 
to an immersion fi such that f^^ is k-transversal and N — {\\{f^^). 
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4. Proofs of Corollaries 



Proof of Corollary 1.1. Note that tti x • • • x Tr^ : Sfe ^ V'^'^^ — Ay is a Serre fibration with the fiber, homotopy 
equivalent io F — {9 : T ^ M \ 6{(Ji) — *}, where * G M is a base point. In T, consider l-dimensional 
subcomplex Ti, consisting of vertices tii, . . . , ct/c and [k — I) edges cti(T2, . . . , crio^k- Since Ti is a deformation 
retract of T, the space F is homotopy equivalent to Fi = {9 : Ti ^ M \ e{a.i) = *} = {VlM)^''-^\ Since M 
is 1-connected, then the loopspace ilM is connected. Since V is connected and codiniy(fc) (Ay) = n > 1, then 
yik) _ /\2^ jg connected. Hence Ek and E'^ = Ek/^k are connected. 

Since M is 1-connected, then <j)*i^M is always orientable. Therefore ^ = {'^I'^f © • • • ffi T:l.Vf)/T,k © is 
orientable iff {i^iVf © • • • © Tr^i^/)/!]^ is orientable. Suppose ^ is orientable and (m — n) is even. Then is 
orientable, fix its orientation. Then i^lvf are oriented. Since (m — n) is even, the Efc-action on 7r*i// © ■ • ■ ©7r^.i^/ 
preserves orientation. Hence {-kIvj © • ■ • © TTli/f)/T,k is orientable. 

Suppose V is orientable and {m — n) is odd. Then i/f is orientable, fix its orientation. Then 7r*i// are oriented. 
Choose points bQ,bi G Ek such that g{bo) — hi, where 5 £ is an odd permutation. Since Ek is connected, 
there exists a path b : [0, 1] Ek such that 6(0) = bo, b{l) = 61. Then the projection of bt into E'fc defines a 
loop. Since r is odd and g is odd, then the restriction of (Trjfi// © ■ • ■ ©7r|;i^/)/Efe on this loop is non-orientable. 

Suppose V is non-orientable. Then I'f is non-orientable. Choose a loop c : [0, 1] F such that the restriction 
of Uf on Ct in non-orientable. Choose points C2, . . . ,Ck £ V such that q ^ Cj if i 7^ j, and ct ^ c{t) for all t G [0, 1]. 
This defines a loop C : [0, 1] ^ V"**^) - A^ via C(0 = (c(t), C2, . . . , Cfc). Since tti x • • • x tt^ : i^. ^ V'-''^ - A^ is 
a Serre fibration with connected fiber, then there exists a loop B : [0, 1] Ek such that tti x ■ ■ ■ x nk o Bt ~ Ct. 



Then the projection of the loop Bt into Ek defines a loop, along which {nli^f ( 



)Tr'^Vf)/Yik is non-orientable. 



Choose a base point * £ Ek- Since i?fe is connected, any map of a 0-dimensional manifold 7 : Ek can 

be homotoped to the constant map N'^ *. Since the orthogonal group O has two connected components, 
then a two-point singular manifold {01,02} — > * bounds iff the orientations of normal bundles of 01,02 at * 
are opposite. Suppose the bundle ^ is orientable. Fix its orientation. Then the orientation of the normal 
bundle of oi at * does not depend on the choice of homotopy 7 {N^ — > *). Therefore the bordism class of a 
singular manifold 7 : N'^ — > Ek is completely characterized by the number h — I2 G where h is the number of 
points in N^, whose orientation coincides with the orientation of ^, and I2 — with opposite orientation. Hence 
r2o(ii'fc;^) = Z. If ^ is non-orientable, then any singular manifold o — > * is bordant to itself with opposite 
orientation via a loop, that changes the orientation of ^. Therefore ilo{Ek;£,) = Z2. It is easy to see that 



the invariant &(/(*'')) G flo{Ek;(,) coi ncid es with /(/). Since r > k, then (fc l)((fc 
Corollary |l.l| follows from Theorems 3.1 and 3.2. 



l)r + 1) < k^r. Then 
□ 



Proof of Corollary l.i. WLOG we may assume that V is connected. By Corollary 1.1, it suffices t o show that 
the number of /c-fold points of any generic immersion V M'^'' is even. This is exactly the result of | Sz 90[ . □ 



1 points. Then fl is a A:-disjoint homotopy from f^^^ to a map f[''> such that (/f ^"^(^1/) 



A^ 



Proof of Corollary Let ft :V ^ M,t ^ [0, 1] be a topological regular homotopy, fo = f and /i has no fc-to- 

Then 
□ 

□ 



by Theorem 3.1, the class ti(/''^') = G np{Ek,£,), and Theorem 3.2 gives the desired regular homotopy. 



Proof of Corollary I.4. follows immediately from Theorem 2.1 and Theorem 2.2 



Vi X 



X V/c is a Serre fibration with fiber, homotopy equivalent 
Since all Vi are p-connected and M is {p + l)-connected, then E is p-connected. Then any 



Proof of Corollary 1.5. As we saw above, E 
to (f]M)('=-i). 

map 7 : A^^ E, representing a bordism class ilp{E;^), is nuU-homotopic. Therefore is trivial, and, by 
Pontryagin-Thom construction, {N,uj]y) represents an element of p-th stable homotopy group of spheres. Since 
this group vanishes for p G {4,5,12}, then (iV, wat) = 0. Therefore ^p{E;^) = 0, and by Theorem any 
immersions fi'.Vi'^M are regularly homotopic to immersions without common intersection. □ 



5. Proofs of Theorems 



Proof of Theorem 2.1. First, suppose the maps fi,...,fk are transversal. Then there are obvious projections 
hi : rh(/i X ■ ■ ■ X fk) Vi such that all fihi are connected by constant homotopy. By universal property of 
E{fi, . . . , fk), there is a canonical map j : rtl(/i X • • • X fk) E. Denote by i/(A^,M('=)) the normal bundle 
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of in M'^^\ By construction of ftl(/i x ■ • • x /fc), the normal bundle J^(rtl(/i x • • ■ x /fe), Vi y. ■ ■ ■ x Vk) is 
(/i X • ■ • X /fe)*iy(A|„MW) = i*(A^i X ... X /fe7rfc)V(A|„M('=)) 2. j*(A^i x . . . x /fe7rfe)*(TM(.) © ^^a^,). But 
(/I'^'i X ... X /fcTTfc) o = D o cf>(., (j) o j, where D : M A^^ is the diffeomorphism a; 1— > {x, . . . ,x). Then 

'^(/ix-x/,) = ^^iX-xvJ7F(/iX-x/,) © X X /fe)''^l X •■■ xVk) ~ i*(7ri X ... X 7rfe)*(iyy^x-xvJ ® 

j*(/i7ri X ... X fkTrk)*TMW ffi ct) Vj,/ j*^. Thus the map j : fti(/i x ■ ■ ■ x fk) ^ E defines an element 

x---xfk)enpiE;0- 

Now, suppose we have a kit of homotopies fi,t, ■ ■ ■ , fk,t, t G [0,1], such that the kits fi.o, ■ ■ ■ , fk,a and 
/i.ii ... I fk,i are transversal. Then it can be approximated by a new one such that F — fi^. x ■ ■ ■ x Jk,- '■ 
Vi X ■ • . X Vfe X [0, 1] ^ M^'^^ is transversal to A^^ and is left fixed on both ends t — 0,1 (where we already have 
transversality). Let the manifold W = F~^(A^^). Then dW — it(/i,o x . . . x fkfl) U iti(/i4 x . . . x fk,i)- 

Denote by i : Vi x . . . x T4 x [0, 1] ^ [0, 1] the projection on the last factor. Here we again have obvious pro- 
jections hi : W ^ Vi such that fi^hi are homotopic to o F = fi,t(-){hi{-)) by homotopy x ^ fi.t(x)t'{hi(x)), 
t' G [0, 1]. This gives a homotopy H : W x ^ M, where is the 1-dimensional subcomplex of T, consisting 
of vertices u, ci , . . . , cr^ and straight intervals aai , . . . , aak ■ Since there exists a canonical conical retraction of 
T onto T^, there is a canonical extension of _ff to a homotopy H : W x T ^ M . By imiversal property of E, 
this gives a canonical map J : W ^ E. 

The normal bundle v{W, Fi x . . . x x [0, 1]) is FV(A^^, M^^)) ^ (Fo (tti x . . . x TTfe x t) o J) V(A^,f , A/C^)) ~ 
J*(7ri x . . . x TTfe X t)*F*{Tj^nk} © f^A^j). But F o (tti x---XTrkXt)oJ = Do $(•, a) o J. Note that (tti x 
• . . X TTfc X < o J)*(i^vix--xyfcx[04]) =i (tti X . . . X TTfe o J)*iiyvix-xvJ and (tti x . . . x tt^ x t o J)* F*Tj^.j(k) ~ 
(tti X . . . X TTfe o J)*(/i.o X . . . x fkfl)*TMW. Then 1/^^ = J^Vix---xyj,x[o,i]|w © z^(VK, Vi x . . . x Vfc x [0, 1]) ~ 

J*(^l X ••• XTTfe Xt)*(l/y,x...xy,x[o,l])© J*(^l X ... X TTfe X t)*F*TM(fc) © J*$(-, fT)*Z.M ^ J* t So,J:W^E 

gives a bordism between &(/i,o x • • . x /fc^o) and x . . . x in f]p(F(/i, . . . , /fc); 0. 

Finally, recall that any kit of maps fi,...,fk can be approximated by a transversal kit /{,..., homotopic 
to /i, . . . , fk- Define &(/i x • • • x fk) := 6(/{ x • . . x /^). The second half of the theorem shows, that it does not 
depend on the choice of the transversal approximation /(,..., /^. □ 



Proof of Theorem 2.L First, make a small regular perturbation of the immersions fi, . . . , fk to put them into 
general position. By Theorem 2.1 it will not change the class 6(/i x . . . x fk) G Vlp{E\ Now the immersions 
/i, . . . , /fc are transversal, and the manifold rh(/i x . . . x /fc) is defined. Since 2p < < m for alH = 1 . . . fc, by 
general position we may assume that iti(/i x . . . x fk) is embedded into each Vi and into M. Since Ui < m — p, 
we have 2ni — m + (ni + ■ ■ ■ + fii + ■ ■ ■ + Uk ~ {k — 2)m) < m for all i — 1 . . . fc. This means that by 
general position we may assume that {2ni — m)-dimensional manifold of self-intersections of ft : Vi ^ M ia 
disjoint from (ni + ■ ■ ■ + Ui + ■ ■ ■ + rik — {k — 2)m)-dimensional immersed manifold of mutual intersections of 

f{Vi),...,f^),...Jk{Vk) in A/". 

Let J : WP+^ Ehe the bordism between fti(/i x ... x A) and TV in Qp^E; ^). Define the map H :WxT ^ 
M by the formula H{w, t) = ^{J{w),t). Note that H{W, Ui) C fi{Vi) and x-- x/fc) ^ constant homotopy. 

Since for all i — 1 ... fc we have 2(p+l) < rii < m — {p + 1), then 2dimVF < dim(V^i), the dimension 
dim M^ + dim(self- intersections of Vi in M) < dim(Vi), and dim VF + dim(intersections of Vi with Vj) < dim(l^). 
Again, applying general position argument, we may C'^-perturb the map H : W x T ~* AI (leaving it fixed 
on rh(/i x . ■ . x fk) X T) such that H\wxai will be smooth embeddings W x ai ^ fi{Vi), disjoint from self- 
intersections of fi'.Vi'^ A/, and intersections with over Vj, distinct from rh(/i x ... x fk). 

Finally, since 2(p + k) < m and m < m — p — k for all z = 1 . . . fc, we have 2 dim(VF x T) < dim(A/) and 
dim(M^ X r) + dim(t/i) < dim(Af ). This means that by general position we can C^-perturb the map H (leaving 
it fixed on it(/i x ■ ■ ■ x fk) x T and W x ai) such that H : {W — fti(/i x . . . x fk)) xT ^ M will be a smooth 
embedding with H{W xT - &^{fi x ■ ■ ■ x fk) x T - W x {ai, . . . , Ok})) n (U.=i...fc ^^{V^)) = 0. 

Denote by and open manifolds without boundary, which are obtained from W and T by attaching a 
small collar neighborhood of the boundary. Since x T is a deformation retract of x r+, we can extend 
H to an embedding H : W+ x T+/{x xtr^xxa\xe fti(/i x ■ ■ ■ x fk),t G T) = x T+ Af such that 
for this extended H we still have H\iY+xai — a smooth embedding into fiiVi), disjoint from self-intersections 
of f,{V), and H{W+ x T+ - rti(/i x ■ ■ ■ x fk) x T - W+ x {ai, ak}) n (U=i...fc MV^)) = 0. 
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Denote by -kw ■ xT+ the natural projection. By definition, i^vyxT — T^w^'^*k^\'^i\®' ' '®^k'^fk)® 

J*$(-, (t)*vm)- On the other hand, vw>iT = vh®H*vm- It is easy to see that H is homotopic to <&(•, (t)o Jottw- 
Therefore vh — T^wJ*{'^i'^fi ® • ■ ■ © T^l^fk)- Since dim(W^ xT) = p + fc < m - m = dim(7r^ J*7r*z//J, 
then Trjy J*7r*i^/; — fji (B Cj for some bundle rji and a trivial line bundle e^. So, i^/f ~ ?7i © • ■ ■ ® 77fe- Since 
dim(z^/f ) = m — p — k = dim(77i © • • • © rjk) > p + k — dim(M^ x T), then — ?7i © • • • © Fix such 
an isomorphism. Denote by Si the barycenter of the face, opposite to ai in the simplex T. Denote by Si the 
trivial 1-dimensional bundle over x T+, parallel to the line aiaSi C T. Note that ei, . . . ,6^ are linearly 
dependent (ei + • • • + = 0), but any (k — 1) of them are linearly independent. Denote by S the bundle, 
spanned by ei, . . . ,ek, then S is the trivial bundle, tangent to T+ in x r+. Recall that iJ(W^+ x ai) C 
/.(F,). Therefore i^f^{V„ M)\Hiw^^a,) C = x T+ , M)\w+^a, ® i^{W+ x a,, 1^+ x r+). In 

i^h\w+ y.ai ® i^iW^ X ai,W~^ X T"*") we already have a summand, isomorphic to the pull-back of Vf., namely 
rji © Si. Therefore the complement to Vf- {V, M) in vhi^^-i-^ is stably isomorphic to the complement of rji © Si. 
Since dim(^'//|^_^^_^ ) — dim(z//. (T^, M)) — m — p — 1 > p + I = dim(VF+ x ai), then these complements are 

isomorphic. So, in i/jj ©S we have fc bundles Xi — {vi ® ' ' ' ® Vi ® ' ' ' ©'7fc) ©£^^(2), and Xi\w+xai is isomorphic 
to the complement to i'f.{Vi,M) in i^H\^y-^ = (i^ff © xo-^ • Here £^(S) is the orthogonal complement to 

in S, then e^(S)|^^+ xo-icrii = v{W^ x aiaSi, W'^ x T+). Note that common intersection of Xi\w+xa is empty. 
Since the homotopy group of the Stiefel manifold 7r(i(Vdim(j/ff eH),dim(xi)) = if c? < dim(i///©S) — dim(xi) | Whd] 



and dim(VF xT)^p + k<jn — ni = dim(i^^f © S) — dim(xi), then there is no obstruction for homotopying x-i 
in a small neighborhood of x ai in x r+ to a bundle x'i such that Xi\w+xai — ^^fiiVi, M)^{i'h\^.^^ ) 

Let ip : W+ ^ K be a smooth function such that (^"^(0) = rti(/i x • • ■ x /fc), = iV and <;5"^[0, 1] = 

Since H is an embedding, then on each sheet H{W'^ x Siaa^) we can introduce a coordinate system x M. 
such that H{W'^ x cr) have coordinates (w,0), and x ai) have coordinates (w, Let Ui be a small 

enough neighborhood of the zero-section of Xi\w+xS aa+ ^^ch that expodH : Ui ^ M is a diffeomorphism 
on its image. On the manifold expodH{Ui) we have coordinate system {w,t,v), where w £ W,t G M.,-!] £ Ui. 
Since Xi\w+xai = )7 then expodH {Ui\w+y,„.) is a tubular neighborhood of H{W'^ x ai) 

in Let V' ■ [0,1] be a smooth function such that > 0, Vlw = 1 and il^\w+-u = 0, where 

open set U is such that W d U d and t/ C W'^. Let k : R ^ K be a smooth bell-shaped function 
such that k(0) = 1 and k(||77||) = for v outside of Ui. Then the regular homotopy from fi to // is given by 
(w, ip{w),v) I— > {w,ip{w) — t^p{w)K{\\v\\),v), t £ [0,1] for points in exp odH {Ui\iY+ ^^.) c fi{Vi), and is constant 
outside. Since common intersection of Xi|iv+X(T is empty, then common intersection of expodH(Ui) is empty, 
and at the last moment we will get exactly iti(/( x • • • x /(.) = N. □ 



Proof of Theorem If ftl(F) = 0, put b{F) = G np{Ek;^if)). Now suppose ftl(i^) 0. Denote by 



D : M A\,j the diffeomorphism x ^ {x,...,x). Obviously, the restriction on rh(F) of the projection 
yik) V on the i-th factor is a composite hiir'^ for a uniquely determined hi : rh(F)^,..j V, and D^^F\^r-p^ is 

a composite /itt' for a uniquely determined /i : rh(i^) — > Af. Since rh(i^) C {V'-'^'' — Ay), then hiir^x) ^ hjnj{x) 

for X e rtll^") and i 7^ j. Let F : F^*^) x [0, 1] M^'^^ be a E^-equivariant homotopy between Fa — f'^^^ and 
Fi — F. Denote by 7rf^ : M^^) M the projection on the i-th factor. Then fhiTr[ and D^^F — irf* F are 
connected by the homotopy x 1— > irf'^ Ft{hiTT[{x) , . . . , ft,fe7r^(x)),t G [0, 1]. This gives a Sfc-invariant homotopy 

-ff : iti(F) X ^ M, where is the 1-dimensional subcomplex of T, consisting of vertices a,ai, . . . ,ak and 
straight intervals aai, . . . , aak. Since is an Efe-invariant deformation retract of T under Sfe-equivariant 

deformation, we can extend H to a, Sfe-invariant homotopy H : &\{F) x T — > M. Note that if F = f'^'^K we can 
take H to be the constant homotopy. By universal property of Ek, this gives a canonical map j : fti(F) Ek. 
Since the manifold ffl(F) ^ V^'''> , then = i^ym © t^iHE), yC')). By construction, i^(rtl(F), yC^)) = 

V(A|^, MC^')) and lyy(k) i^y(fc) © (/('^^ V^c^) ■ Since /C^) is Efe-equivariantly homotopic 

to F and C A|„ then - ^.^,.) |_^^ © |^.^ © z.(A^„ AfC^))). Note that F|_^^ = 
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D o (()(•, a) o J and f^^'^\^^^ = /e^) o (tti x • • ■ x TTfe) o j. Since i^mc) Ia^, © i^(A|^, M^")) ~ i/^fc^ and $(•, cr) is 
Sfc -invariant, then ~ j*(7ri x ••• x ■nk)*i'f{k) © cr)*z^Af . Therefore lAj^^^-, = z^-jr^^/Sfe ~ fiT^l^f ® 

• ■ • © 7r*z//)/Efe © j*(t)*VM = Thus the map j : fti(F) Ek defines an element b{F) G ^^^(i;^; ^(/)). 

Now, suppose we have a fc-disjoint homotopy F : V^''^ x [1,2] M^''\ where Fi = Fi,F2 = F2 are k- 
transversaL Since F is fc-disjoint, then F-i(A^^) - A^, x [1,2] is disjoint from A^, x [1,2]. WLOG we may 

assume iti(Fi) 7^ 0. If it(i^2) 7^ 0, choose an open Efe-invariant neighborhood U of A^ x [1,2] in F^*^' x [1,2] 

such that U is disjoint from F"i(A^,^) - A^ x [1, 2]. If &\{F2) = 0, we may assume that {FtY^{/^\j) - A^ = 
for t close to 2. Then take U to be an open Efc-invariant neighborhood of Ay x [1, 2] UT^^'"'^ x {2} in V^^^ x [1, 2] 
such that U is disjoint from F~i(A|^) - A^ x [1, 2]. 

Note that the Sfc-action on V'^^^ x [1,2] — [/ is free. Therefore we can approximate f'ly(fe) x[i,2]-;7 by a 
smooth Efe-equivariant map F : V'^^^ x [1,2] — C/ — > M^''\ which is transversal to A|j, keeping it fixed on the 

end yC') x {1} - C/, where it is already transversal (and on l/^'^) x {2} - U, if rtl(i^2) ^ 0). Since F(aC/) n A^ = 0, 
then F{dU) n A|j = 0, and — F~^(A|^) is a proper compact submanifold of F^*^) x [1, 2] - U with a free 

Sfc-action, and dW = fti(i^i) U ftljFa). Denote W = I?/Sfe. 

Obviously, the restriction on W of the projection V'^^^ x [1, 2] ^ V on the i-th factor is a composite ft.,;7r^ for 
a uniquely determined /i^ : W^i) — > 1^, and is a composite /itt' for a uniquely determined h :W ^ M . 

Since W C (F^^) - A^,) x [1,2], then h,TT[{x) ^ hjir'^ix) for a; £ and i ^ j. Let F : F^^) x [0,1] ^ M^^) 
be a Efc-equivariant homotopy between Fq /('"'^ and Fi ~ Fi = Fi. Denote by t : V^^^ x [0,2] ^ [0,2] 
the projection on the last factor. Then //liTr- and D^^{F\-^) ~ Trf^ {F\^) are connected by the homotopy 

X ^ irf F{hi'K[{x), . . . ,hkTT'^{x),t't{x)),t' G [0,1]. This gives a Efc-invariant homotopy H -.W xT^ ^ M. 
Since is an Sfe-invariant deformation retract of T under Efc-equivariant deformation, we can extend iJ to a 
Sfc-invariant homotopy H -.W xT ^ M . By universal property of Ek, this gives a canonical map J : W ^ Ek- 
Since the manifold W '-^ V^''^ x [1,2], then = '^vw x[i,2]\w ® i^{W,V^'^^ x [1,2]). By construction, 
^.(W^,^^^) X [1,2]) - (F|^^)*;.(A|„mW) and i^ve^) x [1,2] Iw - « x • - . x 7r,^|^)*(i^/(., © (/('=))*z^Af(^) ), where 
ttY : V^''^ X [0,2] — > F is the projection on the i-th factor. Since /('^^ o (nY x • • • x 7r^)|^^ is Efc-equivariantly 
homotopic to F\^ and F{W) C A|„ then =^ (^^^ x • • • x 7r^|^;{>)*J^/(.) © {F\^r {'^mc^ Ia^, ® ^(A^„ M^^))). 
Note that F\:^ ^ D o $(-,ct) o J and /C"') o (tt}' x • • • x = f^''^ o (tti x • • • x tt^) o J. Since i^m(I') IaJ^ ® 

j/(A^, M^'')) ~ i^^k^ and <i>(-,cr) is Sfc-invariant, then ~ J*(7ri x • • • x TikYvfik) © J*$(-, (T)*i^Af ■ Therefore 
jyvK = i^-^f/^k — J*{T^iVf © • • • © TTliyf)/'Sk ffi J*4'*vm = J*^. Thus the map J : W Ek gives a bordism 
between 6(i^i) and 6(^2) in np{Ek; ^{f)). □ 



Proof of Theorem 3.L Making a small regular perturbation of /, we may assume that it is in general position. 
By Theorem 3.1, this will not change the class 6(/^'^') G rip(i?fc;^). From (fc -I- l)(n -I- 1) < km it follows that 

2p < n, or 2dim(rh(fc, /)) < dim(F). Since iti(/('^)) C V'-'^-' — Ay, by general position we may assume that the 

manifold rh(/'-'^-')(i) is embedded by hi into V for alH = 1 . . . fc, the manifold rh(/''^') is embedded by h into M, 

and / : ^Uj ~^ 'i(rtl(/*''^^)) is a fc-fold covering (possibly, some of /ii(iti(/('''))(j)) coincide). 

Let J : W ^ Ek he the bordism between it(/^'^^) and in flp{Ek;^)- Choose a lifting J -.W Ek- Since 
the Si,-action on W is free, the diagonal E^j-action on x T is also free. Therefore [W x T) /S^. is a smooth 
manifold. Note that (W x cr)/Sfe = W^. Since $ : x T ^ M is Efe-invariant, the map S : (W? x T)/Sfc ^ M 
is well-defined by the formula [w,t] <i>(J(w),t). Note that _B((M^ x crj)/S]fe) C /(V^)- By construction of 

6(/W), for a; G fiT(/(*^) and G T we have S([x,t]) = B{[x,t'])- 

Since 2(p -I- 1) < 71 and {p + \) + {2n — m) < n, we have 2dim(VF) < dim(F), and dim(VK) + dim( 
self-intersections of V in AI) < dim(V)- Applying general position argument, we may perturb the map 
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B : {W X T)/T.k M (leaving it fixed on (ftl(/('=)) x T)/Y.k) so that B\^-^^^ y^^ will be a smooth embedding 

into f{V), disjoint from self-intersections of f : V ^ M, distinct from rh(/''^^). 

Since 2(p + fc) < to and {p + k) + n < to, we have 2 dim(M^ x T) < dim(Af), and dim(M^ x T) + dim(T^) < 

dim(M). This means that by general position we can C"-perturb the map B (leaving it fixed on (iti(/('^)) x 
r)/I]fc and [W X CTj)/Sfe) so that B : (w x T - fti(/('=)) x t) /Efc M wiU be a smooth embedding with 

B 



(^i^W X T - f^fi^) xT^Wx {ai, /Efc^ n f{V) 



Denote by and open manifolds without boundary, which are obtained from W and T by attaching 
a small collar neighborhood of the boundary. Then x r+/ ^^xxt^xxa\x£ fti(/('=)),t e Z^*^' ^ 

(PF+ X r+)/Efc is a smooth manifold. Since x T is a Efc-equivariant deformation retract of x r+, we 
can extend B to an embedding B : x r+/ ^^xxt^xxa\xe rtl(/(''')), i G /S^ ^ M such that for 

this extended B we still have ^l(vi/+xcr )/Sfc — ^ smooth embedding into /(V^), disjoint from self-intersections 
of f{V), and B (^I^W+ x T+ - ^fi^)) xT-W+x {a^, . . . , a^}^ /S^^ n f{V) = 0. 

Denote by H : x T+ ^ M the immersion, defined as a composition of the natural covering x T+ 
(PF+ X with i?. Strictly speaking, this is not quite immersion, it has "sing ularities" at ftl(/('=)) x T. 



Obviously, H is Efe-invariant. The rest of the proof follows the proof of Theorem 2.2, which is expressly written 



in a Sfe-invariant language. Indeed, substitute W ^ W, Vf. ^ vj, Vi ^ V , J ^ J . Locally, in a small 



neighborhood of ui G W , the construction from the proof of Theorem 2.2 translates without changes. Then the 



fact that H is Sfc-invariant guarantee us that the desired regular homotopy will be well-defined globally. □ 
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